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In this paper, we will show that the equations of motion of the quadratic in curvature, ghost
free, infinite derivative theory of gravity will not permit an anisotropic collapse of a homogeneous
Universe for a Kasner-type vacuum solution.
I. INTRODUCTION
Einstein’s theory of general relativity (GR) provides non-trivial vacuum solutions with cosmological and blackhole
type singularities [1]. In the context of a blackhole, within GR, the cosmic censorship forbids naked singularity [2–4],
but in the cosmological context the singularity is not covered by any horizon, and leads to an incomplete null/time
like-geodesics and subsequently breakdown of classical and quantum initial conditions, see [5], and [6]. In particular,
the Kasner metric [7], which is well known to yield a Belinsky-Khalatnikov-Lifshitz (BKL) type singularity [8, 9], where
the metric becomes singular as t→ 0. Indeed, it is a wishful thinking to resolve both cosmological and blackhole type
singularities, at a classical and at a quantum level.
Recent work by Biswas, Gerwick, Koivisto and Mazumdar (BGKM) [10] have shown that the quadratic curvature,
ghost free infinite derivative theory of gravity in 4 spacetime dimensions can avoid both cosmological and blackhole
type singularities at the linearized level around the Minkowski background [10] 1, while the cosmological singularity
can be resolved even at the full non-linear level, but the previous works have sought for a bouncing solution, within
the infinite derivative Ricci scalar, with one extra scalar propagating degree of freedom, besides the graviton, which
are both ghost-free [13, 14, 17–19]. In Ref. [10], the homogeneous and isotropic bouncing solution was constructed
in a vacuum, with the full ghost free infinite derivative quadratic curvature action at the linear level, which is not
otherwise possible within GR.
At a linear level (around asymptotically Minkowski background), resolution of blackhole singularities has also been
studied both in the context of static [10, 20–25], for extended objects [26], and in a rotating blackhole case [27] by
various groups. Furthermore, lack of dynamical formation of singularity at the linear level has also been studied by
Frolov and his collaborators [28, 29]. Furthermore, the gravitational force quadratically vanishes towards the center,
in the linear regime, and it has been shown that a compact astrophysical object can be formed, which is devoid of
curvature singularity and the event horizon all together [24]. Since, all the interactions are purely derivative in nature,
the gravitational form factors give rise to non-local interactions for the BGKM action [30–34].
Recently an interesting progress has been made to show that the BGKM gravity with full non-linear equations
of motion, given by [20], will not permit singular solution of type 1/rα, where α > 0, in the static asymptotically
Minkowoski background in 4 dimensions [35]. The results of the paper exploit the importance of the quadratic
curvature infinite derivative Weyl contribution, and argue that the higher covariant derivative terms do not satisfy
the vacuum condition, order-by-order. The analysis also sheds light on why just the local quadratic curvature action,
including Weyl, is insufficient to resolve the singular solution of the type 1/rα [35].
The aim of this paper will be to show that the full non-linear equations of motion of the BGKM gravity will not
permit Kasner solution [7], in a vacuum, in 4 dimensions. We will now briefly recall the BGKM gravity and its
equations of motion and study the viability of a Kasner solution, with the Ricci scalar and the Ricci tensor to be
vanishing in the vacuum.
1 See previous to this work other relevant references [11–14], where the authors have argued absence of singularity in infinite derivative
gravity motivated from the string theory, however, the full quadratic curvature action including the Weyl term with two gravitational
metric potentials were first presented in [10]. The other constant curvature backgrounds have also been considered, such as de Sitter
and anti de Sitter backgrounds [15, 16].
2II. INTRODUCTION TO INFINITE DERIVATIVE GRAVITY
The most general diffeomorphism and parity invariant quadratic curvature action, but free from torsion, has been
derived in Ref.[10, 20], given by 2
S =
1
16piG
∫
d4x
√−g (R+ αc [RF1(s)R +RµνF2(s)Rµν +WµνλσF3(s)Wµνλσ]) , (2)
where G = 1/M2p is the Newton’s gravitational constant, and αc ∼ 1/M2s is a dimensionful coupling, where s ≡
/M2s . The Ms signifies the scale of non-local interactions in gravity. In the limit Ms →∞, the action reduces to the
Einstein-Hilbert one. The d’Alembertian operator is defined as:  = gµν∇µ∇ν , where µ , ν = 0, 1, 2, 3, and we work
with mostly positive metric convention (−,+,+,+). The Fi’s are three gravitational form-factors, which are defined
by:
Fi(s) =
∑
n≥0
ci,n
n
s . (3)
The coefficients ci,n are constrained by the fact that the graviton propagator for the full action only contains the
transverse and trace-less graviton degrees of freedom, and no extra dynamical degrees of freedom [36]. Indeed, such
an action introduces non-local gravitational interaction, which is indeed helpful to ameliorate the quantum aspects of
the theory in the ultraviolet [30–33].
The complete equations of motion derived from the above action Eq.(2) is given by [20],
Pαβ =− G
αβ
8piG
+
αc
8piG
(
4GαβF1(s)R + gαβRF1(s)R − 4
(
▽α∇β − gαβs
)F1(s)R
− 2Ωαβ1 + gαβ(Ω σ1σ + Ω¯1) + 4RαµF2(s)Rµβ
− gαβRµνF2(s)Rνµ − 4▽µ▽β(F2(s)Rµα) + 2s(F2(s)Rαβ)
+ 2gαβ▽µ▽ν(F2(s)Rµν)− 2Ωαβ2 + gαβ(Ω σ2σ + Ω¯2)− 4∆αβ2
− gαβWµνλσF3(s)Wµνλσ + 4WαµνσF3(s)W βµνσ
− 4(Rµν + 2▽µ▽ν)(F3(s)W βµνα)− 2Ωαβ3 + gαβ(Ω γ3γ + Ω¯3)− 8∆αβ3
)
=− Tαβ , (4)
where Tαβ is the stress energy tensor for the matter components, where we have defined the following symmetric
tensors, for detailed derivation, see [20]:
Ωαβ1 =
∞∑
n=1
f1n
n−1∑
l=0
∇αR(l)∇βR(n−l−1), Ω¯1 =
∞∑
n=1
f1n
n−1∑
l=0
R(l)R(n−l), (5)
Ωαβ2 =
∞∑
n=1
f2n
n−1∑
l=0
Rµ;α(l)ν R
ν;β(n−l−1)
µ , Ω¯2 =
∞∑
n=1
f2n
n−1∑
l=0
Rµ(l)ν R
ν(n−l)
µ , (6)
∆αβ2 =
∞∑
n=1
f2n
n−1∑
l=0
[Rν(l)σ R
(βσ;α)(n−l−1) −Rν;α(l)σ Rβσ(n−l−1)];ν , (7)
Ωαβ3 =
∞∑
n=1
f3n
n−1∑
l=0
W
µ;α(l)
νλσ W
νλσ;β(n−l−1)
µ , Ω¯3 =
∞∑
n=1
f3n
n−1∑
l=0
W
µ(l)
νλσW
νλσ(n−l)
µ , (8)
∆αβ3 =
∞∑
n=1
f3n
n−1∑
l=0
[Wλν(l)σµW
βσµ;α(n−l−1)
λ −Wλν ;α(l)σµ W
βσµ(n−l−1)
λ ];ν . (9)
2 The action in Ref.[10] was first written in terms of the Riemann tensor, here we will work in terms of the Weyl tensor, which can be
rewritten in terms of the Riemann tensor as:
W
µ
ανβ
= Rµ
ανβ
−
1
2
(δµνRαβ − δ
µ
β
Rαν + R
µ
ν gαβ −R
µ
β
gαν) +
R
6
(δµν gαβ − δ
µ
β
gαν) (1)
3The trace equation is rather simple, which can be written as [20]:
P =
R
8piG
+
αc
8piG
(
12sF1(s)R + 2s(F2(s)R) + 4▽µ▽ν(F2(s)Rµν)
+ 2(Ω σ1σ + 2Ω¯1) + 2(Ω
σ
2σ + 2Ω¯2) + 2(Ω
σ
3σ + 2Ω¯3)− 4∆ σ2σ − 8∆ σ3σ
)
=− T ≡ −gαβTαβ . (10)
III. TOWARDS NON-SINGULAR HOMOGENEOUS AND ANISOTROPIC METRIC
Now, in order to show that the Kasner solution does not satisfy the equations of motion for the infinite derivative
gravity, we will first assume that the above action, Eq.(2), along with the equations of motion Eq.(4), allows at least
the vacuum solution, which is critical for the Kasner-type metric, if it had to be promoted as a solution, like in the
case of GR 3
R = 0 , Rµν = 0 . (11)
The Kasner metric is given by [7]
ds2 = dt2 + t2p1dx2 + t2p2dy2 + t2p3dz2 , (12)
where the parameters p1, p2, p3 are constrained as,
p1 + p2 + p3 = 1 , and p
2
1 + p
2
2 + p
2
3 = 1 . (13)
These two conditions can be expressed by the Khalatnikov-Lifshitz parameter, u, by (see Ref.[9]),
p1 = − u
1 + u+ u2
, p2 =
1 + u
1 + u+ u2
, p3 =
u(u+ 1)
1 + u+ u2
. (14)
For the range u ≥ 1, the parameter u covers all possible real-valued parameters (p1, p2, p3), and since Eq. (14) possess
the following symmetries,
p1(u) = p1
(
1
u
)
, p2(u) = p3
(
1
u
)
, p3(u) = p2
(
1
u
)
, (15)
the region u < 1 can be mapped onto the region u ≥ 1.
In addition, when u = 0, the Kasner metric Eq.(12) yields, p2 = 1, p1 = p3 = 0, and the Riemann tensor vanishes.
In this case, using a suitable coordinate transformation, it is possible to obtain the Minkowski metric. When the
parameter u→ +∞, we have, again, p3 = 1, while p1 = p2 = 0, therefore, the metric Eq. (12) recovers the Minkowski
limit. Also note that u = −1 replicates the case for u = 0 with vanishing Riemann tensor. These statements can be
summarized succinctly by the Riemann tensor for the Kasner metric, which is given by:
Rµνλσ(u) ∽
u(u+ 1)
(1 + u+ u2)2
. (16)
Since the Ricci tensor and the Ricci scalar are both zero the Weyl tensor coincides with the Riemann tensor.
It is known that in GR the Kasner spacetime has a singularity when t → 0. However, the process by which this
singularity is approached is peculiar and involves a complex oscillatory behavior, as shown in Refs.[8, 9]. When t
decreases, a succession of Kasner epochs take place based on a periodic (or chaotic) simultaneous change of sign in
the Kasner constants p1 and p2. Consequently, the volume of a Universe described by a Kasner metric decreases
approximately as ∼ t, with two spatial directions 4 oscillating between contraction and expansion, and presenting
bounces. Each Kasner era corresponds to an expanding/contracting phase between successive bounces. Another
3 We will be able to relax this condition, see the discussion below.
4 While the third direction just contracts, until eventually this third direction switches its role with one of the first two. This switching
happens as a consequence of the symmetries (15).
4important aspect, in this scenario, is that an infinite sequence of Kasner eras take place when t → 0. This infinite
sequence of eras (n) can be properly labelled by a decreasing rule for the parameter un,
un+1 = un − 1 (if un > 2) un+1 = 1
un − 1
(if 1 6 un < 2) . (17)
Let us now concentrate on the full equations of motion Eq. (4), and let us assume that there is a vacuum configuration,
Pαβ = 0, with Eq.(11). In fact, if we are keen on understanding the Kasner solution at t → 0, or in the context of
BGKM gravity, t < 1/Ms, it is suffice to assume R ∼ C1 and Rµν ∼ C2, where C1, C2 are constants for t < 1/Ms.
This is due to the fact that for t < 1/Ms, we are probing the UV aspects of gravity, where the infinite derivatives play
the major role compared to the Einstein-Hilbert part of the action. Indeed, one may neglect the contribution from
Gαβ from Eq.(4), and R ∼ C1 and Rµν ∼ C2 would suffice to concentrate on the Weyl component alone, in which
case we are left with the following terms in the full equations of motion:
Pαβ = 0 = Pαβ3 =
αc
8piG
(
−gαβWµνλσF3(s)Wµνλσ + 4WαµνσF3(s)W βµνσ
− 8▽µ▽νF3(s)W βµνα − 2Ωαβ3 + gαβ(Ω γ3γ + Ω¯3)− 8∆αβ3
)
. (18)
The aim is to show that in the BGKM gravity, the homogeneous and anisotropic collapse of the metric can be
avoided by not allowing the existence of a Kasner metric, i.e., Eq.(12). As a necessary condition (but not suffi-
cient) for the Kasner metric to satisfy the equations of motion, i.e., Eq.(4), both sides of the equation must vanish
identically. The failure to do so will imply that the Kasner metric cannot be a vacuum solution for the BGKM gravity.
Let us summarize some important observations:
1. Fi(s) contain an infinite series of s. Indeed, the coefficients are not arbitrary as we had discussed briefly, they
are pre-determined by the choice of ghost-free condition, i.e., the propagator of the BGKM gravity is suppressed
by exponential of an entire function, as shown in Refs. [10].
2. The Bianchi identity holds for each and ever order in s, see discussion in Ref.[35]. The order is intrinsically
parametrized by the power n of ns .
3. The right hand side of Eq. (18) should vanish at each and every order in s. The reason is that every s would
give rise to an extra factor of 1/t2. We are also assuming that the parameters (p1, p2, p3) do not give rise to
the trivial Minkowski solution, or p2 = 1, p1 = p3 = 0, as we had already discussed. Note that, for a given
power n of the d’Alembertian operator, the corresponding contribution from the Weyl part does not vanish
automatically, nor the entire sum will vanish. The latter has a slim possibility, but would require extreme fine
tuning, given the way the series progresses as ∝ 1/tβ, where β is an even number. The only chance to get rid
of such a term is to adjust the coefficient c3,n to be equal 0, which is not the case for the BGKM action.
Given all these salient features, we will study what happens at each and every order in s. If the Kasner solution
has to be admitted, then each and every order in s, the right hand side of Eq.(18) must vanish. We can show that
the full computation for the right hand side of Eq.(18) would yield:
Pαβ3 =
∑
n≥1
f3n
wαβn
t4+2n
, (19)
where coefficients wαβn are constants with respect to time t, and depend only on parameter u. We can also show that
the contribution coming from the part without any s, i.e. the local contribution from the Weyl squared gravity,
yields identically zero in 4 dimensions, thanks to the existence of the Gauss-Bonnet topological invariance, which
means that the Kasner is a good solution for the local quadratic curvature gravity. In the appendix, we have collected
the details of an explicit computation of wαβ1 and w
αβ
2 .
To summarize, in this paper, we have presented strong arguments that the homogeneous, anisotropic collapse of a
Kasner metric in a vacuum cannot be a solution of the full infinite derivative gravity given by Eq.(2). A very similar
conclusion we have reached for the static Schwarszchild-type metric in Ref.[35]. The presence of infinite derivatives
indeed ameliorate the cosmological singularity. Indeed, how the time dependent metric will behave near t ≤ 1/Ms is
still an open question, but it would be extremely unlikely that the solution would yield a cosmological singularity in 4
dimensions. The central theme of the resolution appears to be the Weyl squared contribution with infinite covariant
derivatives in the equations of motion for the BGKM gravity.
5IV. APPENDIX
A. Non-vanishing contributions from the non-local Weyl term
First, we explicitly compute one s contribution to Eq.(18), assuming the parameter redefinitions from Eq.(14) for
the metric Eq.(12). Let us define
Pαβ3 (s) =
αc
8piG
6∑
i=1
Fαβi .
1. For the first term, Fαβ1 = −gαβWµνλσ(f30 + f31s)Wµνλσ , the calculation yields
Fαβ1 = g
αβ 16
M2s t
6


a00(u) 0 0 0
0 a11(u) 0 0
0 0 a22(u) 0
0 0 0 a33(u)

 , (20)
with the dimensionless matrix elements aii defined as
a00 = a11 = a22 = a33 = −
u2(u+ 1)2
(
f30 t
2 M2s
(
u2 + u+ 1
)3 − 9f31u2(u+ 1)2
)
(u2 + u+ 1)
6 .
2. The second term, Fαβ2 = +4W
α
µνσ (f30 + f31s)W
βµνσ, is given by
Fαβ2 = g
αβ 16
M2s t
6


a00(u) 0 0 0
0 a11(u) 0 0
0 0 a22(u) 0
0 0 0 a33(u)

 , (21)
with the dimensionless matrix elements aii defined as
a00 = a11 = a22 = a33 = +
u2(u+ 1)2
(
f30 t
2 M2s
(
u2 + u+ 1
)3 − 9f31u2(u+ 1)2
)
(u2 + u+ 1)6
.
We can verify, at this point, that terms Fαβ1 and F
αβ
2 cancel each other.
3. The third term, Fαβ3 = −4
(
Rµν +∇µ ∇ν) (f30 + f31s)W βµνα , is given by
Fαβ3 = g
αβ 16
M2s t
6


a00(u) 0 0 0
0 a11(u) 0 0
0 0 a22(u) 0
0 0 0 a33(u)

 , (22)
with the dimensionless matrix elements aii defined as
a00 =
f31 u
2(u+ 1)2
(
8u6 + 24u5 + 21u4 + 2u3 + 21u2 + 24u+ 8
)
(u2 + u+ 1)
6 ,
a11 =
f31 u
2(u+ 1)2
(
16u6 + 56u5 + 73u4 + 106u3 + 73u2 + 56u+ 16
)
(u2 + u+ 1)
6 ,
a22 =
f31 u
2(u+ 1)2
(
16u6 + 40u5 + 33u4 − 54u3 − 127u2 − 120u− 40)
(u2 + u+ 1)
6 ,
a33 =−
f31 u
2(u+ 1)2
(
40u6 + 120u5 + 127u4 + 54u3 − 33u2 − 40u− 16)
(u2 + u+ 1)
6 ,
which only depends on the f31 coefficient.
64. The fourth term, Fαβ4 = −2f31∇αWλµνσ∇βW µνσλ , is given by
Fαβ4 = g
αβ 32
M2s t
6


a00(u) 0 0 0
0 a11(u) 0 0
0 0 a22(u) 0
0 0 0 a33(u)

 , (23)
with the dimensionless matrix elements aii defined as
a00 =
4f31u
2(u+ 1)2
(u2 + u+ 1)
3 a11 =
f31u
4(u2 − 1)2
(u2 + u+ 1)
6
a22 =
f31u
2(u + 1)4(u+ 2)2
(u2 + u+ 1)
6 a33 =
f31u
4(u+ 1)4(2u+ 1)2
(u2 + u+ 1)
6 .
5. The fifth term, Fαβ5 = +g
αβf31(∇γW µνρλ ∇γWλµνρ +WµνργsWµνργ), is given by
Fαβ5 = −gαβ
128
M2s t
6


a00(u) 0 0 0
0 a11(u) 0 0
0 0 a22(u) 0
0 0 0 a33(u)

 , (24)
with the dimensionless matrix elements aii defined as
a00 = a11 = a22 = a33 =
f31 u
2(u+ 1)2
(u2 + u+ 1)
3
6. The sixth term, Fαβ6 = −8f31(W γνρµ∇αWγβρµ −Wγβρµ∇αW γνρµ);ν , is given by
Fαβ6 = g
αβ 32
M2s t
6


a00(u) 0 0 0
0 a11(u) 0 0
0 0 a22(u) 0
0 0 0 a33(u)

 , (25)
with the dimensionless matrix elements aii defined as
a00 =
f31 u
2(u+ 1)2
(
4u6 + 12u5 + 15u4 + 10u3 + 15u2 + 12u+ 4
)
(u2 + u+ 1)
6 ,
a11 =
f31 u
3(u2 − 1)2(4u2 + 3u+ 4)
(u2 + u+ 1)
6 ,
a22 =− f31 u
2(u+ 1)3(u + 2)2(4u2 + 5u+ 5)
(u2 + u+ 1)
6 ,
a33 =− f31 u
3(u+ 1)3(2u+ 1)2(5u2 + 5u+ 4)
(u2 + u+ 1)
6 .
Having computed each term of Pαβ3 , up to s, we see that the dependence on the f30 coefficient vanishes as expected,
and the one box, s, contributions survive. Finally we have,
P
αβ
s3 = g
αβ 2
piGM4s t
6


a00(u) 0 0 0
0 a11(u) 0 0
0 0 a22(u) 0
0 0 0 a33(u)

 , (26)
7with the dimensionless matrix elements aii defined as
a00 =
f31 u
2(u+ 1)2
(
16u6 + 48u5 + 51u4 + 22u3 + 51u2 + 48u+ 16
)
(u2 + u+ 1)6
,
a11 =
f31 u
2(u+ 1)2
(
8u6 + 40u5 + 17u4 + 50u3 + 17u2 + 40u+ 8
)
(u2 + u+ 1)6
,
a22 =
f31 u
2(u+ 1)2
(
8u6 + 8u5 − 63u4 − 222u3 − 311u2 − 240u− 80)
(u2 + u+ 1)6
,
a33 =−
f31 u
2(u+ 1)2
(
80u6 + 240u5 + 311u4 + 222u3 + 63u2 − 8u− 8)
(u2 + u+ 1)6
.
In order to have Pαβ3 = 0, we should have a00 = a11 = a22 = a33 = 0 for a unique u > 1. One can show explicitly that
there are no any common roots for corresponding algebraic equations. Therefore, the tensor Pαβ3 at one box order
can never be made zero by choosing u.
To present even more convincing arguments we put below the answer for second order in box, i.e., 2s contribution:
Pαβ3 (
2
s) = g
αβ 24
piGM6s t
8


a00(u) 0 0 0
0 a11(u) 0 0
0 0 a22(u) 0
0 0 0 a33(u)

 , (27)
with the dimensionless matrix elements aii defined as
a00 =−
f32 u
2(u+ 1)2
(
16u6 + 48u5 + 53u4 + 26u3 + 53u2 + 48u+ 16
)
(u2 + u+ 1)
6 ,
a11 =−
f32 u
2(u+ 1)2
(
48u8 + 232u7 + 457u6 + 735u5 + 812u4 + 735u3 + 457u2 + 232u+ 48
)
(u2 + u+ 1)
7 ,
a22 =−
f32 u
2(u+ 1)2
(
48u8 + 152u7 + 177u6 − 177u5 − 768u4 − 1129u3 − 899u2 − 448u− 112)
(u2 + u+ 1)
7 ,
a33 =
f32 u
2(u + 1)2
(
112u8 + 448u7 + 899u6 + 1129u5 + 768u4 + 177u3 − 177u2 − 152u− 48)
(u2 + u+ 1)
7 .
As in the case of the first order in s, there are no common roots for u, which would allow all the above polynomials
to vanish.
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